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FILTERED ENDS OF INFINITE COVERS AND GROUPS 


TOM KLEIN 


Abstract. Let / : A —* B be a covering map. We say A has e filtered ends with respect to f (or B) 
if for some filtration {K n } of B by compact subsets, A — “eventually” has e components. 

The main theorem states that if Y is a (suitable) free //-space, if K < H has infinite index, and if Y 
has a positive finite number of filtered ends with respect to H\Y, then Y has one filtered end with 
respect to K\Y. This implies that if G is a finitely generated group and K < H < G are subgroups 
each having infinite index in the next, then 0 < e(G,H) < oo implies e(G,K) = 1, where e(-,-) is 
the number of filtered ends of a pair of groups in the sense of Kropholler and Roller. 


1. Introduction 

The number of relative ends of a group G and subgroup H , denoted e(G,H), was originally in¬ 
troduced algebraically by Kropholler and Roller [2] . Geoghegan [T] gives a topological description of 
e(G, H) (when G is finitely generated) as the number of filtered ends of a certain filtration (derived 
from H) of the universal cover of a presentation complex for G. To be more precise (see also section[2]), 
let / : A —* B be a covering map of CW complexes of locally finite type. We say A has e = e(A, /) 
filtered ends with respect to / (or B) if for some filtration {C n } of B by finite subcomplexes, the 

is e (this is independent of the filtration). e(G, H ), also called 

the number of filtered ends of the pair, is then e^Y 1 ,^), where X is a path connected CW complex 
with 7Ti(V) = G, X is the universal cover of X, and q : X 1 —> X(H) 1 is the restriction to 1-skeleta 
of the natural map from X to the covering space of X corresponding to H. The following theorem 
on filtered ends of covering spaces (proved in section 0 and its corollary on filtered ends of pairs of 
groups (proved in section [5]) are the main results of the article. 

Theorem 1. Let H be a group and let Y be a path connected free H-CW complex of locally finite 
type. Let K < H with [H : K] = oo, and let p : Y —> H\Y, q : Y —> K\Y be the quotient covering 
maps. Then 0 < e(Y,p) < oo implies e(Y, q) = 1. 

Applied to 1-skeleta with Y equal to the universal cover of a presentation complex (with finite 
1-skeleton) of a finitely generated group G, we get the following corollary for filtered ends of pairs of 
groups: 

Corollary 2. Let G be a finitely generated group with K < H < G and assume e(G, H) = n is finite 
and non-zero. Then 

Note also the contrapositive of Corollary [2j if e(G,K) > 1 and [G : H] = [H : K] = oo, then 
e(G, H) = oo. This contrapositive combined with other results can be used to show that Thompson’s 
groups T and V are not Kahler (cf. [3], Lemma 0.8 and Theorem 0.3): T and V are known to have 
subgroups with at least two filtered ends and then the contrapositive provides subgroups with at least 
three filtered ends so that the theorems of [3] can be applied. It seems likely that similar arguments 
could be applied to other groups with subgroups having two filtered ends. 
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2. Definitions 


We now briefly review the necessary definitions (sections 4.7 and 4.9 of [I])- We are heading for 
“the number of ends of a CW complex with respect to a filtration” (Definition [3j . We work with 
closed cells and use the term graph for a 1-dimensional CW complex. Let A be an arbitrary CW 
complex. 

X is locally finite if a given cell intersects non-trivially with only finitely many other cells, and X has 
locally finite type if the n-skeleton X n of X is locally finite for all n. 

The carrier of a cell e of X, denoted C'(e), is the intersection of all subcomplexes of X which contain 

e. 

The CW neighborhood of a subcomplex A of X, denoted N(A ), is the union of all cell carriers that 
meet A non-trivially. 

The CW complement of a subcomplex A of X, denoted X — A, is the largest subcomplex of X with 
0-skeleton X° — A 0 . 

All filtrations of a CW complex X will be by subcomplexes of A' indexed by the natural numbers. A 
finite filtration is a filtration by finite subcomplexe^]. If X has locally finite type and A = {K n } is a 
filtration of X , we say (A, A) is well filtered if for each n and i there exists j such that Nx n (A") C Kj. 
Now let (Y, {Li}) be a well filtered path connected CW complex of locally finite type. The number 


of filtered ends of (Y, {Li}) is the cardinality of the set lim 

i 


7T0 


Y — L, 


(We are skipping the 


intermediate notion of filtered end , which is what the number of filtered ends counts - briefly, a filtered 
end of Y is an equivalence class of filtered rays u> : [0, oo) —* Y, where two filtered rays are equivalent 
if their restrictions to N are filtered homotopic. Then each [w] picks out an element of the inverse 
limit, and this correspondence is a bijection. See pj section 4.7 for more details.) 


Definition 3. Let Y and X be path connected CW complexes of locally finite type and let p : Y —> X 
be a covering map. We say Y has e filtered ends over p (0 < e < oo), and write e(Y,p) = e, if the pair 
(Y, {p _1 ((7„)}) has e filtered ends for some finite filtration {C n } of X. [By Lemma [5ji) below there 
exists a finite filtration and (Y, {p _1 (C ra )}) is well filtered. Also it is known that in this case Y has e 
filtered ends with respect to every finite filtration of A.] 


Remark 4. As noted in section f.l of pQ, if (Y, L) is a well filtered path connected CW complex of 
locally finite type then the number of filtered ends of (Y 1 , {Li n Y 1 }) equals the number of filtered ends 
of (Y, {Li}) (by the “CW-filtered cellular approximation theorem”, p] 3.12.3). 

We use this in the proof of Theorem Q] to reduce to the case where Y is a graph. 

Let A be a subgraph of a path connected locally finite graph A. In this case N(A) is simply 
AU U{edges of A with at least one endpoint in A}. Then A = N(A) U (A —A) = AUBU (A —A), 

C C 

where B = U{edges not contained in A or A — A}. We refer to the edges of B as bridge edges (of A). 

C 

If (Y, L) is a filtered CW complex we say S' C Y is L-bounded if S C Lj for some j, and (Y, L) 
is regular if for each i the union of all L-bounded path components of Y — Lj is L-bounded (in. 

c 

section 4.7). 

The next proposition shows that these notions all work well with respect to covering spaces of CW 
complexes of locally finite type. 

Lemma 5. i) If X is a path connected CW complex of locally finite type then there exists a finite 
filtration {K n }, and (A ,{K n }) is well filtered (for any finite filtration). 

ii) If p : Y —> A is a covering map of CW complexes then Y has locally finite type if and only if X 
does. 

Hi) Let p : Y —> A be a covering map of CW complexes of locally finite type. If (A, {K n }) is well 
filtered then so is (Y, {p^ 1 (K n )}). 

iv) Let X be a locally finite graph with p : Y —+ A a covering map, and let {C n } be a finite filtration 
of X. Then (Y, {p _1 (C n )}) is well filtered and regular. 


1 This differs from [I], section 3.6, which requires a finite filtration to be by full finite subcomplexes. 
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Proof, i) By [I] 3.6.3 X is countable. Well order the cells as e\, e 2 ,... and let E n = e i U • • ■ U e n . 
Since E n is compact it is contained in a (minimal) finite subcomplex, say K n . Then {K n } is a finite 
filtration of X. By [T|, 3.1.12 and 3.6.9, Nx^(Kf) is finite, so {X, {A'„}) is well filtered. 

ii) p\yn : Y n —>■ X n is a covering map, so Y n is locally finite if and only if X n is locally finite. 

iii) Let q = p\y » : Y n — > X n and let Li = p _1 (Aj). q(Nyn(L 1 ))) = Nxn{K™) is contained in some 
Kj (,j > i). 

iv) Well filtered follows from i) and iii). For regular, note that p(Y — p _1 (C' n )) = X — C n and that if A 

C C 

is an L-bounded path component of Y — p _1 (C' n ) (L = {p _1 (C n )}) then p(A) is contained in a finite 

C 

component of X — C n since otherwise we could construct an unbounded ray in X — C n starting in 

C C 

p(A) which would lift to an L-unbounded ray in Y — p -1 )^) starting in A, a contradiction. But since 

C 

N(C n ) is finite and X is locally finite, there are only finitely many finite components of X — C n . □ 

C 

We now turn to filtered ends of pairs of groups (ffl> section 4.9). Let G be a finitely generated 
group and H < G. Let X be a path connected CW complex with fundamental group isomorphic 
to G and having finite 1-skeleton. Let X(H) be the covering space of X corresponding to H and 
let X be the universal cover of X. We work on the 1-skeleta of X and X(H), both locally finite 
graphs. Let p : X 1 —> X(H) 1 be the covering projection. The number of filtered ends of ( G,H) is 
e(G, H) := e(X 1 ,p) (see Definition [3J• In other words, start with any finite filtration {C n } of X(H) 1 , 
then count the number of {p _1 (G„)}-unbounded components of X 1 — p _1 (Gfe) and take the sup of 

C 

that count as k goes to infinity. 


3. Proof of Theorem [T] 

Remark 6. The case e(Y,p ) = 1 implies e(Y,q) = 1 of the theorem follows from the following 
“monotonicity” property of e(Y, •): if the covering map p (of CW complexes of locally finite type) 
factors through the covering map q as p = r o q then e(Y,q) < e(Y,p). However, we will not need this 
fact. 

PROOF of Theorem 1. By Remark[4]we may assume Y is a graph, which we do. 

Define X := H\Y and X := K\Y , and let r : X —> X be the induced covering map. The first step of 
the proof is to produce compatible filtrations of X and X along with a rough “fundamental domain” 
in Y (called C n below) for the H and K actions. The specifics of the filtrations are stated in the 
following lemma, whose proof will be postponed to section 0] 

Lemma 7. There exists a finite filtration {C n } of X and a finite filtration {C n } of X with r(C n ) = C n 
and U n := Y — p -1 (C„) the disjoint union of e {p _1 (G n )} -unbounded path components. There are also 

C 

finite subgraphs C n C p^ 1 (G ra ) and G n C N(p^ 1 (C n )) in Y with G n np _1 (C„) = C n , q(C n ) = C n , 
p(G n ) = C n , and G n U U n path connected. 

Let K. be the filtration {p _1 (G n )} of Y and let L be the filtration {g _1 (C' ra )}- Define U 1 , U 2 ,..., U e 
to be the e /C-unbounded path components of U n = Y — p _1 (G„), so that U n = U 1 U • • • U U e . 

C 

H preserves p -1 (C„), so also bridge edges ofp _1 (G n ) and U n = Y — p _1 (G n ). Then C n U U n path 

C 

connected implies 

(t) h(C n U U n ) = hC n U U n is path connected for all h G H and all n. 

P _ 1 (G n ) = HC n and <? -1 (C„) = KC n (sin cep{C n ) = C n and q(C n ) = C n ). Let A = (J \hC n : h £ H 

and hC n fl KC n = 0 j, B = (J | hC n : h G H and hC n n KC n 0|. The proof of the next claim con¬ 
tains the main argument of the proof of the theorem (compare with Figure [l]). 

Claim 8. i) A^fi 0. U n := A U U n U U {all bridge edges o/p _1 (C n ) that intersect A but not (Z _1 (C'n)} 
is path connected inY — q~ 1 (C n ) and L-unbounded. 

C 

ii) B U U {all bridge edges o/p _1 (C ra ) that intersect B} is L-bounded. 
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U 1 



Proof. If hC n fl kC n ^ 0 for some h G H,k G K, then k 1 hC n D C n ^ 0, so letting S = {g G H : 
gC' n D C n 0} we get k _1 h =: So € S. Now let T be a set of right coset representatives for K in H. 
For each s G S write s = k s t s , where t a GT and k s G K. Then k~ 1 h = k So t So and h = (kk So )t So , so if 

hC n fl KC n 0 then h lies in one of finitely many right cosets of K in H. 

i) By assumption [H : K] = oo, so there are in fact infinitely many h G H with hC n f]KC n = 0. So A 

is non-empty. Recall that C n = C n np _1 (C n ), so bridge edges of p _1 (C'„) contained in C n intersect 
P _1 (C’n) in C n . So if hC n C A then the bridge edges of p~ 1 (C n ) contained in hC n only intersect 
p —1 [Cn) in hC n C A and not in g _1 (C , n ). Then for hC n C A we get hC n U U n = hC n U {bridge edges 

of p _1 (C n ) in hC n } U U n C U n , and hC n U U n is path connected by (f), so U n is path connected. 

(A U U n ) D g _1 (C' rl ) = 0 by definition of A and U n , so U n is path connected in Y — ( 7 _1 (C , rl ). U n is 

C 

L-unbounded since it contains U n which is /C-unbounded (/C-unbounded implies L-unbounded). 

ii) First note that q(B) is finite since q(KC n ) = C n is finite and the other edges of B are within a 

bounded edge distance of KC n (and X is locally finite). But then the union of all edges intersecting 
B has finite image. □ 


Now write Y — q 1 (C n ) = U n U D ni where U n is the path component containing U n and D n is the 

C 


union of the other components (possibly empty). U n is L-unbounded since U n is. We can write Y as 
Y = p -1 (C n ) U {bridge edges of p _1 (C rl )} U U n , and A U B = p _1 (C rl ), so Y = {A U U n U {bridge 
edges intersecting A but not q~ 1 (C n )}) U (B U {bridge edges intersecting B}), and U n contains the 
first parenthetical term, so D n must be contained in the second parenthetical term, which by Claim 
IUm) is L-bounded. So for each n, Y — g _1 (C , rl ) = U n U D n where U n is L-unbounded and D n is 


L-bounded. 

Finally as in the proof of Lemma, [H] we can adjust the {C n } filtration so that ( 7 _1 (C , rl ) is a single L- 
unbounded component for each n, from which it follows that lim < no ( Y — ( 7 _1 (C’ n ) I > has cardinality 


1. i.e. e(Y, q) = 1. 


4. Construction of compatible filtrations 

We now undertake the proof of Lemma [3 Recall that we are working under the hypotheses of The¬ 
orem [l] with Y a locally finite graph, p : Y — > X, q : Y —> X, r : X —> X, and 0 < e(Y,p) = e < oo. 
We restate Lemma 0 

Lemma 7. There exists a finite filtration {C n } of X and a finite filtration {C n } of X with r(C n ) = C n 
and Y — p~ l (C n ) the disjoint union of e {p -1 (C n )}-unbounded path components. There are also fi- 

C 

nite subgraphs C n C p -1 (C ra ) and C n C N(p~ 1 (C n )) in Y with C n (1 j) _1 (C„) = C n , q{C n ) = C n , 
p{C n ) = C n , and C n U U n path connected. 

The proof will start from the following general lemma. 
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Lemma 9. Let A be a locally finite graph and f : A B a covering map. If e(A, f) = e, 0 < e < oo, 
then there exists a finite filtration {D n } of B such that A — p~ 1 (D n ) is the union of e {p~ 1 (D n )}~ 

C 

unbounded path components for all n. 

Proof. Let {K n } be any finite filtration of B and let L = {p _1 ( K n )}. By Corollary 4.7.5 of [T] we 
may assume A — p~^{K n ) has exactly e L-unbounded components for all n. Now for each n let 

C 

D n = K n 1J Ujfinite components of B — K n }. The union is finite (since B is locally finite), so D n is 

C 

finite. The image of a {p _1 (D„)}-bounded component of A— p~ 1 (D n ) would have to be contained in 

C 

a finite component of B — D n (see the proof of Lemma [5] iv)), so A — p~ 1 (D n ) consists exactly of e 

C C 

{p _1 (I?„)}-unbounded components. □ 

Remark 10. If e = oo in the hypotheses of Lemma\V 1 then there exists a finite filtration {C n } of X 
such that Y — p _1 (C' n ) equals the union of {p _1 (C rl )} -unbounded path components, with the number 

C 

of path components an increasing function of n. 

PROOF of Lemma 0 Let {C n } be a finite filtration of X. Define C n = r(C n ). {C n } is a 
finite filtration of X. By the (proof of) Lemma O (after renumbering) for each n there exists a finite 
subgraph F n of X with the property that {C n UF n } is a finite filtration of A' and Y — p~ 1 (C n U F n ) is 

C 

the union of e {p~ 1 (C n U J 7 ’ ra )}-unbounded path components. Now for each n choose a finite subgraph 
F n in X with r(F n ) = F n , choose a subsequence filtration of {C n U F n }, and then rename the X 
subsequence filtration to be { C n } and the X filtration to be {C n = r(C n )}, a subsequence of the old 
{C n U Fn} filtration. To summarize: we have a finite filtration {C n } of X and a finite filtration {C n } 
of X with the property that r(C n ) = C n and Y — p _1 (C n ) is the union of e {p~ 1 (C ra )}-unbounded 

C 

path components for all n. 

Let A = {p-\C n )}. 

Choose a finite subgraph C n in Y with q(C n ) = C n . The given lifts C n will not in general satisfy 
the properties we will require, but we can use them to construct all new filtrations that will, which 
we do now. Fix n. Let U 1 ,... ,U e be the A-unbounded components of Y — p~ l {C n ) and define 

C 

U n = U l U • ■ • U U e . Our next aim is to define new C n so that U n U C n is path connected (up to bridge 
edges of p -1 (C n )). Claim fill tells us how to adjust our original choices (compare with Figure [2]). 

Claim 11. There exists a finite subgraph C n of N(p^ 1 (C n )) containing C n such that C n UU n is path 
connected. 



Proof. Let a be a finite edge path (i.e. union of edges) in Y starting in U n with the property that a 
intersects each U l non-trivially. Let a be the edges of a contained in N(p~ 1 (C n )). Then a U U n is 
path connected. Now for each cell e of C n choose a finite edge path /3 e in N(p~ 1 (C n )) to U n . Take 



C n = C n U a U 


□ 
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Let C' n = C n fl p _1 (G n ) D C n , and let C' n = q(C' n ) ( p{C ' n ) = C„, so we do not rename for X). 
{C' n } may no longer be a chain of subsets, but since we only added finitely many cells to each term 
of the original filtration we can find a subsequence which is a finite filtration. Now renumber and 
then rename all filtrations to get finite filtrations {C n } for X, {C n } for X, and a finite lift C n for 
each C n with the property that there is a finite C n Q N(p~ 1 2 3 (C n )) containing C n with U n U C n path 
connected - note that we only took a subsequence of our previous X filtration { C n }, so we still have 
Y — p _1 (C„) = U n , where U n = U 1 U • • • U U e is the same union of /C-unbounded path components 

C 

as before (of course numbering and the meaning of K, have changed, but the components and their 
K -unboundedness have not). 


5. Filtered ends of pairs of groups 
We now apply this to groups. The general situation will be as follows: 
X. 

\ r 
A Y 

X(H) 



X(G) 

G is finitely generated infinite, I\ < H < G, and X(G ) has finite 1-skeleton and fundamental group 
G (we write U X{L)" for the covering space of X corresponding to L < G). We apply Theorem |T| to 
the dotted triple of covering spaces to obtain Corollary [2] on filtered ends of pairs of groups. 

PROOF of Corollary [2j The case [H : K] < oo is standard ([2], 2A.v))\ the case [H : K] = oo 
is the statement of Theorem [1] 

Corollary [5] and its contrapositive give the following picture of filtered end behavior above and 
below a subgroup H with e(G, H) = n: 


G 

'e(G, K) = O' 


[G : K\ < oo 


1 < e(G, H) < oo 


e(G, K ) = oo 

[K 

H] = oo 


\e(G, K) = n) 
^>=- H 

[K 

H] < oo 


{e{G, K) = 

[H 

K] < oo 0 < e(G, H) < oo 

V e(G, K ) = 1 J 

^- 1 - "G.. 

[H 

K] = oo 
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